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Even in the presence of conservation laws, one can perform arbitrary transformations on a system
if given access to a suitable reference frame, since conserved quantities may be exchanged between
the system and the frame. Here we explore whether these quantities can be separated into different
parts of the reference frame, with each part acting as a ‘battery’ for a distinct quantity. For systems
composed of spin- 1
2
particles, we show that the components of angular momentum Sx, Sy and
Sz (non-commuting conserved quantities) may be separated in this way, and also provide several
extensions of this result. These results also play a key role in the quantum thermodynamics of
non-commuting conserved quantities.
Conservation laws are amongst the most impor-
tant and widely used aspects of physics, greatly re-
stricting the possible transformations that an iso-
lated system can undergo [1–3]. However, when a
system is not isolated but allowed to interact with
other systems, with conservation laws applying only
globally, much greater freedom is possible [4–9]. The
situation is particularly interesting in quantum the-
ory, where different conserved quantities may not
commute (such as the different components of angu-
lar momentum), and interference effects are crucial.
Perhaps surprisingly, it has been shown that any
transformation of a quantum system can be imple-
mented, as long as one has access to an appropriate
ancillary system [6–9]. This additional system plays
a dual role of providing a reference frame for the
transformation, and acting as a reservoir which can
exchange conserved quantities with the system.
While undergoing its transformation, the system
will generally exchange many different conserved
quantities with the reference frame. An interesting
question is whether the exchange of each of these
different conserved quantities can be separated into
different parts of the reference system, with each
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part effectively acting as a ‘battery’ for a specific
conserved quantity. When the conserved quantities
commute, this is possible [10]. The main question we
raise - and answer - in the present paper, is whether
this is possible when the conserved quantities do not
commute. In this situation one might expect that it
is impossible to separate the various conserved quan-
tities into different reservoires, because one cannot
even measure one of them without disturbing the
other. Surprisingly, we show that this is possible.
As a concrete example, consider rotations of a
spin- 12 particle in the presence of angular momen-
tum conservation. We would like to be able to lo-
calise any changes in the three components of spin
sx, sy and sz of the spin-
1
2 particle within differ-
ent subsystems in the reference frame (see Fig. 1).
In this paper, we show that this is indeed possible.
Our approach will generalise to any unitary transfor-
mation on any number of spin- 12 systems. Further-
more, as an interesting example of such a protocol,
we show how to completely extract the three com-
ponents of angular momentum of an unknown spin
state into three distinct systems (up to arbitrary pre-
cision). Finally, in the Supplementary material, we
extend these results for arbitrary conserved quan-
tities of any system of dimension 2n and to con-
servation of angular momentum under rotations for
arbitrary spin.
These results address a fundamental aspect of con-
servation laws in quantum theory. Furthermore,
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FIG. 1. A spin- 1
2
system, initially with spin s (color
blue online) undergoes a rotation, after which its spin
becomes s′ (color orange online). During this rotation,
its spin components in the x, y and z direction change by
∆sx, ∆sy and ∆sz, respectively. This unitary evolution
is implemented by acting on the system plus the particles
of a reference frame (green box, online), composed of
spin- 1
2
particles that are divided into three groups: (i)
the x-battery, composed of particles in the + eigenstates
of sy or sz, (ii) the y-battery, composed of particles in
the + eigenstates of sx or sz, and (iii) the z-battery,
composed of particles in the + eigenstates of sx or sy.
Up to arbitrary accuracy, the particles in the reference
frame corresponding to the k-battery will absorb all and
only the change ∆sk of the evolved spin system.
they are of particular importance in quantum ther-
modynamics, which has recently been extended to
multiple non-commuting conserved quantities [10–
21], and where batteries for storing conserved quan-
tities are of particular interest.
Separate batteries for spin- 12 systems.—We con-
sider the case of spin- 12 particles, and the possibility
of separating the different conserved components of
angular momentum sx, sy and sz (see Fig. 1). We
will show that by considering a fixed reference frame
composed of multiple spin- 12 particles, and interact-
ing with it in a particular way: (i) the total angu-
lar momentum of the system and reference frame
is conserved, (ii) any unitary transformation can be
implemented on the system with arbitrary precision,
and (iii) any changes in the average angular momen-
tum components of the system are stored in differ-
ent parts of the reference system (up to arbitrarily
small correction terms). Essentially, we can think of
the reference system as being partitioned into three
separate batteries, each of which stores a different
component of angular momentum.
The reference system must: (a) indicate the x, y
and z directions in order to allow rotations of the
system about these directions and (b) do this via a
rotationally invariant interaction so that the total
angular momentum is conserved. One way to con-
struct a reference frame for the x-direction would
be to prepare a number of spins all pointing in the
x-direction (as in [9]). This could be used to im-
plement a rotation of the system about x, but each
spin in the reference frame would generally accumu-
late changes in both sy and sz, thus not separating
the conserved quantities. The key intuition behind
our approach is that there is an alternative way to
define the x-direction. Instead of aligning each spin
in the reference frame along the x-direction, we pre-
pare pairs of spins pointing in the y and z direction,
and implement a cross product via the interaction.
In this way, each spin in the reference frame accu-
mulates changes in only one component of spin, and
thus the different conserved quantities can be sepa-
rated.
Our result is formalised in the following theorem.
Using lower case s for the spin of individual spin- 12
particles and capital S for the spin of systems com-
posed by many spins, we have the following. Let
our system be a spin- 12 particle, whose spin is de-
noted by s, with components {sk}k=x,y,z. Let the
total spin of the j-part of the reference frame (i.e.
the part which is intended to store spin in the j-
direction) be denoted by S(j), j = x, y, z, and has
components {S(j)k }k:x,y,z; and finally, the total spin
operator of the system and frame is denoted by
S
tot = s + S(x) + S(y) + S(z), and its components
given by Stotk = sk + S
(x)
k + S
(y)
k + S
(z)
k , k = x, y, z.
Theorem 1. Let the system S be a spin- 12 parti-
cle. Then for every ǫ > 0 and δ > 0, there ex-
ists a reference frame R (composed of a large num-
ber of spin-half particles) with a fixed state ρR =
ρ
(x)
R ⊗ρ(y)R ⊗ρ(z)R , where ρ(k)R is the state of the k-part
of the reference system, such that for every unitary
US on the system there exists a joint unitary V on
the system and reference frame with the following
properties:
• Conservation: V conserves all components of
total angular momentum Stot, i.e., [V,Stot] =
0.
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• Accuracy: V effectively implements US on the
system with precision ǫ, i.e., for any initial
system state ρS,∥∥∥trR {V ρS ⊗ ρR V †}− USρSU †S∥∥∥
1
≤ ǫ. (1)
• Separation: Each component of angular mo-
mentum of the system is exchanged only with
the corresponding part of the reference system,
up to precision δ:∣∣∣∆sj +∆S(j)j ∣∣∣ ≤ δ, (2)∣∣∣∆S(k)j ∣∣∣ ≤ δ if j 6= k, (3)
where ∆sj is equal to the change in the aver-
age angular momentum of the system in the
j-direction, and ∆S
(k)
j is equal to the change
in the average angular momentum of the k-part
of the reference system in the j-direction.
Proof. The proof strategy is to first show how to
implement a small rotation of the system around
the x-axis, by using the system plus two spins in
the reference frame, one polarised in the y-direction
and one in the z-direction. We then extend this
to small rotation about an arbitrary axis, by doing
subsequent small rotations about the x, y and z-
direction. Finally we repeat this many times to build
up a general rotation the system.
The key is to consider the following operator act-
ing on three spin- 12 particles
T = s · (s′ × s′′) =
∑
j,k,ℓ∈{x,y,z}
ǫjkℓ sjs
′
ks
′′
ℓ , (4)
where s, s′ and s′′ are spin operators of the three
particles. In the right-hand side of Eq. (4), the sub-
index j in the spin operators denotes the spin com-
ponent in the j direction, and ǫjkℓ the Levi-Civita
tensor. For simplicity we have set ~ = 1, so each spin
operator is equal to half the corresponding Pauli op-
erator.
The operator T is invariant under rotations, as it
is a “scalar”, being defined as a dot product of two
vectors, s and (s′ × s′′). We can now construct a
unitary interaction between three qubits given by
Vα = exp{−i 4αN T }. (5)
Since T is invariant under rotations, it commutes
with the total spin Stot = s + s′ + s′′. In par-
ticular this means that also Vα preserves the con-
served quantities Sx, Sy and Sz, and hence satisfies
[Vα,S] = 0 (see Appendix).
Let us define τj as the density matrix of a spin-
1
2
particle pointing in the j direction (i.e. τj =
I
2 +sj);
for example τz = |↑z〉〈↑z| = I2 + sz ,
Suppose that we want to implement a small rota-
tion of the system about the x-direction, given by
Uα,x = exp
(−i α
N
sx
)
. To do this we prepare the
spins s′ and s′′ in the density matrix τ ′y⊗ τ ′′z and act
with Vα on the system and these two spins.
We show in the Appendix that
trR
{
Vα ρS ⊗ τ ′y ⊗ τ ′′z V †α
}
= Uα,x ρS U
†
α,x
+O ( 1
N2
)
. (6)
In this way, the state τ ′y ⊗ τ ′′z defines a reference
frame for the direction x.
We now consider how the angular momentum in
the reference system changes under this transforma-
tion.
∆s′z = −
α
N
tr {syρS}+O
(
1
N2
)
, (7)
∆s′′y =
α
N
tr {szρS}+O
(
1
N2
)
, (8)
while all other components of the reference spins are
left unchanged, up to O ( 1
N2
)
. These equations are
proven in the Appendix. Hence to leading order, the
first reference system only picks up z-spin, and the
second reference system only picks up y-spin. There-
fore, in the context of the overall reference frame, s′
belongs to the z-part, and s′′ to its y-part.
As total angular momentum is conserved, it fol-
lows that the change in the system’s angular mo-
mentum obeys
∆sx = O
(
1
N2
)
, ∆sy = −∆s′′y +O
(
1
N2
)
,
∆sz = −∆s′z +O
(
1
N2
)
. (9)
Similarly, due to the cyclic symmetry of the spin
operators, we can generate a small rotation of the
system about the y-direction or z-direction by acting
with Vα on the system and a reference frame in the
state τ ′z⊗τ ′′x or τ ′x⊗τ ′′y respectively. In each case, the
two components of angular momentum that change
(perpendicular to the axis of rotation) are separated
into the two different reference spins. For example,
when performing a small y-rotation with the frame
τ ′z ⊗ τ ′′x , to first order in 1N only the x-spin of the
first reference particle and the z-spin of the second
reference particle are modified. Intuitively, neither
reference system changes its spin-component paral-
lel to the axis of rotation of the system, and each
reference spin does not change its spin-component
parallel to the direction it was originally pointing
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in, as it is maximal in this direction and we are con-
sidering only first order changes.
A small rotation about a general axis, given by the
unitary UH = exp
(−iH
N
)
where H =
∑
k=x,y,z αk sk
can be generated by performing three subsequent
small rotations, around the x, y and z-directions as
described above. In particular, we use 6 spin- 12 par-
ticles, in the state
τR = τ
(z)
y ⊗ τ (y)z ⊗ τ (x)z ⊗ τ (z)x ⊗ τ (y)x ⊗ τ (x)y . (10)
where the superscripts denote which part of the
global reference frame the spins are in, i.e. which
angular momentum component they will store. We
then implement UH by first applying Vαx to the sys-
tem and the first two reference spins, then Vαy to
the system and the next two reference spins, then
Vαz to the system and the last two reference spins.
Following a similar approach to Eq. (6), we thereby
obtain
trR
{
VαzVαyVαx ρS ⊗ τR V †αxV †αyV †αz
}
= UH ρS U
†
H +O
(
1
N2
)
. (11)
Finally, we iterate this procedure N times using
a new set of six reference spins in the state τR each
time. The overall reference frame is therefore ρR =
τ⊗NR , which consists of 6N spins (2N in each of the
three parts).
In this way we will approximately implement the
desired transformation US = (UH)
N = exp (−iH),
which is (up to a global phase) the most general
unitary transformation on a spin- 12 system.
Defining the full sequence of transformations by
V , we note that as this is a sequence of Vα trans-
formations, each of which conserve the three com-
ponents of angular momentum, V will satisfy the
conservation property [V,Stot] = 0.
The error in implementing US is bounded by the
sum of the errors from each step, giving a total error
of NO ( 1
N2
)
= O ( 1
N
)
[9]. It follows that
∥∥∥trR {V ρS ⊗ ρR V †}− USρSU †S∥∥∥
1
≤ O ( 1
N
)
,
(12)
which proves the accuracy property in Eq. (1) by
suitably choosing a sufficiently large N according to
the value of ǫ.
To prove the separation property, we use Eq. (9)
and its equivalents for y and z rotations, together
with the fact that there are only 2N spins in each
part of the reference system, imply that∣∣∣∆sj +∆s(j)j ∣∣∣ ≤ O ( 1N ) , (13)∣∣∣∆s(k)j ∣∣∣ ≤ O ( 1N ) if j 6= k. (14)
For any δ, we can therefore choose a sufficiently large
N such that Eqs. (2) and (3) hold. Explicit bounds
for the O ( 1
N
)
and O ( 1
N2
)
terms in this section may
be found in the Appendix.
These results can be extended to systems com-
posed of any number of spin- 12 particles, as we ar-
gue in the following. First, the above proof shows
that we can implement any unitary on a single spin.
Then, we can also implement interactions between
two spins inside the system via an interacting uni-
tary such as
√
SWAP or e−iθ s
1·s2 . These commute
with all extensive conserved quantities and do not re-
quire the use of a reference system. Thinking of our
spin- 12 systems as qubits, we know that the ability
to perform all single-qubit unitaries plus any partic-
ular interacting two-qubit unitary is computation-
ally universal [22]. Hence we can construct a circuit
to approximately implement any unitary transfor-
mation on any number of spin-half systems, whilst
storing any changes to angular momentum in differ-
ent batteries.
Extracting the angular momentum components
of an unknown spin.—An interesting possibility
enabled by the above procedure is to take an
unknown spin- 12 state with average spin 〈s〉 =
(〈sx〉, 〈sy〉, 〈sz〉), and three other systems, and com-
pletely extract the different components of spin into
the three systems (up to arbitrary accuracy). That
is, we can perform a unitary transformation such
that, up to arbitrary accuracy, the spin- 12 particle
finally has average spin zero, and the average spin
of the three systems has increased by (〈sx〉, 0, 0),
(0, 〈sy〉, 0), and (0, 0, 〈sz〉) respectively.
To do this, we use the x, y and z-parts of our
reference frame as the three systems, and include
two ancillary spin- 12 particles, each in a maximally
mixed state, in one of the systems. We then perform
a unitary V on the entire state which is given by the
circuit construction above, and which approximately
implements a unitary
U =
1∑
n,m=0
XnZm ⊗ |n〉〈n| ⊗ |m〉〈m| (15)
on the initial spin and the two maximally mixed
spins, where X and Z are the Pauli unitaries on
the system. The net effect of U is to completely
4
decohere the state of the spin- 12 particle and trans-
form it into the maximally mixed state [23]. Because
the ancillary spins are also left in maximally mixed
states, all of the average angular momentum in the
initial state of the spin must have been transferred
to the three components of the reference frame, and
hence to the three desired systems.
Conclusions.—We have shown that it is possible
to perform an arbitrary unitary transformation on
any number of spin- 12 particles whilst respecting an-
gular momentum conservation, in such a way that
any changes in the three components of angular
momentum are separated into different ‘batteries’.
Any errors in this procedure can be made arbitrar-
ily small by making these batteries sufficiently large.
Importantly, the use of the cross product tech-
nique is more than a simple technical development.
It has, we believe, a deep conceptual meaning. It
shows that in the realm of quantum mechanics one
can build frames of reference in various ways, all
equally good for acting as references (for specifying
a direction in our case), but which have fundamen-
tally different properties. We have established this
result in the particular case of specifying a direc-
tion, but we expect this to be a general property of
all quantum frames.
Our results also allow one to completely extract
the different components of angular momentum of
an unknown spin state into distinct systems (up to
arbitrary precision). It would be interesting to inves-
tigate the ultimate limits of such a procedure, such
as whether it can be made exact, and the smallest
possible implementation.
The study of quantum thermodynamics has re-
cently been extended to other conserved quantities
besides energy, in particular to non-commuting con-
served quantities, and this result allows one to con-
sider explicit batteries for the angular momentum.
The fact that the different components of angular
momentum can be separated in this way is partic-
ularly surprising given that they do not commute,
and measurements of one component would disturb
the others.
The protocols we have described for spin- 12 sys-
tems may be generalised to higher spins, when the
objective is to implement a spatial rotation un-
der total angular momentum conservation. How-
ever, such a higher-dimensional quantum system has
many more observables, each of which could be a
potential conserved quantity, up to the maximum of
d2−1 for a system with d-dimensional Hilbert space
(for instance d = 2σ + 1 for a spin-σ particle). One
may ask whether it is possible to construct a refer-
ence frame, with a part for each of of the observables
to be conserved, such that an arbitrary transforma-
tion on the system can be implemented by an oper-
ation that globally obeys all potential conservation
laws, while the change of the k-th quantity on the
system is offset by the same change of only the k-th
part of the frame, all to arbitrary precision. In the
case that the dimension is a power of 2, we show
in the Supplemental Material that a complete set
of conserved quantities can be constructed for which
this is possible, by an adaptation of our spin- 12 meth-
ods. The question remains open, however, for other
dimensions and general sets of quantum observables.
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Appendix A: Explicit bounds for O
(
1
N2
)
and O
(
1
N
)
terms for spin- 1
2
systems
Here we provide more detailed technical proofs giving explicit bounds for the O ( 1
N2
)
and O ( 1
N
)
terms in
our bounds for spin- 12 systems, obtained using similar techniques to those introduced in Ref. [9].
1. Proof of Eq. (6)
First notice that
trR
{
Vα ρS ⊗ τ ′y ⊗ τ ′′z V †α
}
= ρS − i4α
N
trR
{
[T, ρS ⊗ τ ′y ⊗ τ ′′z ]
}
+O ( 1
N2
)
,
= ρS − i4α
N
∑
j,k,ℓ∈{x,y,z}
ǫjkℓ[sj , ρS ] tr
{
s′kτ
′
y
}
tr {s′′ℓ τ ′′z}+O
(
1
N2
)
,
= ρS − i α
N
[sx, ρS ] +O
(
1
N2
)
,
= Uα,x ρS U
†
α,x +O
(
1
N2
)
. (A1)
What we need to do now is to provide a rigorous computation for the O ( 1
N2
)
term. To do this, we must
first show that
ξ ≡
∥∥∥∥trR {Vα ρS ⊗ τ ′y ⊗ τ ′′z V †α}− (ρS − i4αN trR {[T, ρS ⊗ τ ′y ⊗ τ ′′z ])}
∥∥∥∥
1
≤ O
(
1
N2
)
(A2)
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where Vα = exp{−i 4αN T }. Expanding the exponentials we obtain
ξ =
∥∥∥∥∥
∞∑
n=2
n∑
k=0
trR
{
(−i 4α
N
T )k
k!
ρS ⊗ τ ′y ⊗ τ ′′z
(i 4α
N
T )n−k
(n− k)!
}∥∥∥∥∥
1
≤
∞∑
n=2
(
4α
N
)n n∑
k=0
1
k!(n− k)!
∥∥T kρS ⊗ τ ′y ⊗ τ ′′z T n−k∥∥1
≤
∞∑
n=2
(
4α
N
)n n∑
k=0
1
k!(n− k)!‖T
k‖ ‖ρS ⊗ τ ′y ⊗ τ ′′z ‖1 ‖T n−k‖
≤
∞∑
n=2
(
4α
N
)n n∑
k=0
1
k!(n− k)!‖T ‖
n
≤
∞∑
n=2
1
n!
(
3α
N
)n n∑
k=0
n!
k!(n− k)!
=
∞∑
n=2
1
n!
(
6α
N
)n
= 36
( α
N
)2 ∞∑
n=2
1
n!
(
6α
N
)n−2
. (A3)
where in the fifth line we have used the fact that T =
∑
j,k,ℓ∈{x,y,z} ǫjkℓ sj ⊗ s′k ⊗ s′′ℓ has 6 non-zero terms,
each of which has operator norm 18 (as ‖sj‖ = 12 ), giving ‖T ‖ ≤ 34 . Hence for N ≥ 6α,
ξ ≤ 36 (e− 2)
( α
N
)2
. (A4)
On the other hand, applying Eq. (D5) of Ref. [9] to our setup yields∥∥∥Uα,xρSU †α,x − (ρS − i αN [sx, ρS ]
)∥∥∥
1
≤ 4(e− 2)
( α
N
)2
, (A5)
where Uα,x = exp
(−i α
N
sx
)
.
Combining Eqs. (A4) and (A5) through the triangle inequality, we obtain
∥∥trR {Vα ρS ⊗ τ ′y ⊗ τ ′′z V †α}− Uα,xρSU †α,x∥∥1 ≤ 40(e− 2)
( α
N
)2
, (A6)
where we have used the fact that trR
{
[T, ρS ⊗ τ ′y ⊗ τ ′′z ]
}
= 14 [sx, ρS ].
2. Proof of Eqs. (7) and (8)
Here we will discuss the case of Eq. (7), since Eq. (8) follows similarly. First notice that
∆s′i = tr
{
(1 ⊗ s′i ⊗ 1 )Vα (ρS ⊗ τ ′y ⊗ τ ′′z )V †α
}− tr {s′iτ ′y} ,
= −i4α
N
∑
j,k,ℓ∈{x,y,z}
ǫjkℓtr {sjρS} tr
{
s′i[s
′
k, τ
′
y]
}
tr {s′′ℓ τ ′′z }+O
(
1
N2
)
,
= − α
N
δi,ztr {syρS}+O
(
1
N2
)
, (A7)
where in the last step we have noted that the expression is only non-zero when ℓ = z, k = x and j = y, and
used the spin commutation relation [sa, sb] = iǫabcsc.
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Now, applying similar arguments to those in Eqs. (A2)–(A4) to the changes in spin given by Eq. (A7) we
obtain ∣∣∣∆s′i + αN δi,ztr {syρS}
∣∣∣ ≤ 18 (e− 2)( α
N
)2
, (A8)∣∣∣∆s′′i − αN δi,ytr {szρS}
∣∣∣ ≤ 18 (e− 2)( α
N
)2
. (A9)
3. Proofs of Eqs. (12), (13) and (14)
Let us start by proving Eq. (12). When considering a general small rotation, we must obtain a bound on
ζ ≡
∥∥∥trR {VαzVαyVαx(ρS ⊗ τR)V †αxV †αyV †αz}− (ρS − i 1N [H, ρS ])∥∥∥
1
. (A10)
Following a similar argument to that below Eq. (D7) of Ref. [9], expanding the unitaries and collecting terms
in
(
1
N
)n
for n ≥ 2 we obtain at most 6n contributions (as each of the 6 unitaries could provide each power
of 1
N
), with a constant coefficient upper bounded by (4αmax)
n where αmax ≤ π. Each term also contains the
trace norm of an operator with n copies of T , acting on different parties, distributed either before or after
the initial state. Following the argument above Eq. (A4), such a term is upper bounded by
(
3
4
)n
. Combining
all of these observations we obtain
ζ ≤
∞∑
n=2
(
18π
N
)n
. (A11)
For N ≥ 36π we therefore obtain ζ ≤ 648π2 ( 1
N
)2
. Combining this with Eq. (D11) of Ref. [9], for D = 3, we
obtain
∥∥∥VαzVαyVαx(ρS ⊗ τR)V †αxV †αyV †αzR− UHρSU †H)∥∥∥
1
≤ (648 + 16(e− 2)) π
2
N2
(A12)
for sufficiently large N . Iterating this transformationN times and using the inductive argument in Appendix
C of Ref. [9], gives
∥∥∥trR {V ρS ⊗ ρR V †}− USρSU †S∥∥∥
1
≤ (648 + 16(e− 2)) π
2
N
. (A13)
This completes the proof of Eq. (12).
To now prove Eqs. (13) and (14), we can apply a similar argument as above. This leads to
∣∣∣∆sj +∆s(j)j ∣∣∣ ≤ 648π2
(
1
N
)
, (A14)
∣∣∣∆s(k)j ∣∣∣ ≤ 324π2
(
1
N
)
, (A15)
from which the argument follows.
Appendix B: Separating conserved quantities for higher dimensional systems
We will now consider whether we can separate changes in conserved quantities for higher dimensional
systems, with dimension d > 2.
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1. Introductory thoughts on systems of dimension d > 2 and spin conservation laws
Let us first consider angular momentum conservation of spin s systems, with dimension d = 2s + 1. In
this case, we can use essentially the same procedure as in the main text (now taking τj as the eigenstate of
sj with maximum spin in the j-direction, and Vα = exp{−i αs2N }) to approximately implement any single
system rotation of the form e−iθ n·s on a spin-s system, whilst conserving the three components of total
angular momentum Sx, Sy and Sz. Any changes in angular momentum will be separated into three different
‘batteries’ as before. Furthermore, we could again implement interacting unitaries between different spins
such as e−iθ s
(1)·s(2) , as this is rotationally invariant.
However, unlike in the case of spin- 12 particles, spatial rotations of the form e
−iθn·s no longer represent
the complete set of local unitary transformations for spin-s particles. It would be interesting to explore
what additional transformations are required in order to give a universal gate set, and whether these can be
implemented in such a way as to localise any changes to angular momentum.
Moving from angular momentum conservation to more general conservation laws, an interesting question
is whether we can construct a complete basis of conserved quantities, such that arbitrary unitary transfor-
mations of a system can be performed whilst separating the changes in all of these conserved quantities into
different ‘batteries’. Later in this section we generalise the proofs to show that this is possible when the
dimension of the system is 2n.
2. Generalisation to arbitrary dimension: what we can and may not do (yet)
Here we present a generalisation of the reference frame defined in the main text for spin- 12 systems, and
of the operator T of Eq. (4), to higher dimensional systems. In particular, we give sufficient conditions to
be able to construct a complete basis of extensive conserved quantities for such systems, and a reference
frame that allows us to perform arbitrary unitary transformations of the system whilst storing any changes
in these conserved quantities in different batteries (up to arbitrarily small corrections).
Consider a system S, of dimension d > 2. In this case there exist K = d2−1 possible linearly independent
conserved quantities, where without loss of generality we do not include the scalar. In what follows, we
will consider the case in which there exists a particular choice for these conserved quantities given by K
Hermitian operators M = {Ok}k=0...K−1 with the following properties
(i) Traceless: tr {Ok} = 0 for all k
(ii) Orthogonal: tr {OkOℓ} = 0 if k 6= ℓ
(iii) Closed under commutation: For each k, ℓ either [Ok, Oℓ] = 0, or there exists an m such that [Ok, Oℓ] ∝
Om.
Together with the identity these operators form an orthogonal operator basis for the d-dimensional system. In
(iii), note that the constant of proportionality could depend on k and ℓ, and that m 6= ℓ as tr {[Ok, Oℓ]Oℓ} =
tr {Ok[Oℓ, Oℓ]} = 0 (and similarly m 6= k).
First let us consider how to perform the small unitary transformation Uα,0 = exp(−i αN O0). To do this, we
first prepare a reference frame consisting of D = K − 1 particles of the same type as the system, initialised
in the state
ρR = ρ
(1) ⊗ . . .⊗ ρ(D) , (B1)
where ρ(k) = 1
d
(
I+ 1‖Ok‖ Ok
)
. Given that the operators Ok are traceless and orthogonal, it follows that
tr
{
Okρ
(r)
}
= ηkδk,r where ηk = tr
{
O2k
}
/(d‖Ok‖).
A generalisation of the interaction T of Eq. (4) to systems of arbitrary dimensions is
T =
∑
a,a1,...,aD
faa1...aD Oa ⊗Oa1 ⊗ . . .⊗OaD , (B2)
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where faa1...aD = 0 unless all the sub-indices are different, in which case faa1...aD = ±1, where the sign
indicates if the sub-indices are an even or odd permutation of 0, 1, . . .D.
Notice that for d = 2, f is just the antisymmetric symbol ǫijk. In addition, when d = 2 and M =
{sk}k=x,y,z, we recover the interaction defined in Eq. (4) and the batteries defined in the main text for
spin- 12 systems.
The main requirement that T should satisfy is [T,C] = 0 for any extensive conserved quantity C. We will
show this in the next subsection, but for now we focus on using it to perform transformations of the system.
The operator T allows us to define a global unitary interaction among K systems given by
V = exp
(
−i 1
η1 . . . ηD
α
N
T
)
, (B3)
similarly to Eq. (5).
The effective action of this global unitary V on our system A is given by trR
{
V ρS ⊗ ρR V †
}
. Computing
this trace, we find that only the term in T containing f012...D gives a non-zero contribution to first order in
1
N
, leading to
trR
{
V ρS ⊗ ρR V †
}
= ρS − i α
N
[O0, ρS ] +O
(
1
N2
)
= Uα,0ρSU
†
α,0 +O
(
1
N2
)
, (B4)
Similarly we can perform the small unitary transformation Uα,r = exp(−i αN Or), generated by an arbitrary
operator Or by preparing the reference frame such that ρ
(k) = I
d
+ c(k+r)modD O(k+r)modD and applying V ,
such that the only non-zero term in the trace corresponds to fr (r+1)...D 0 1...(r−1). As in the main paper,
by considering a sequence of small transformations generated by each operator Or we can implement an
arbitrary small transformation exp(−iH
N
). By iterating this process N times, we can then implement an
arbitrary transformation exp(−iH) on the system. As the error per step is O ( 1
N2
)
and there are O (N)
steps, the overall error can be made as small as desired by choosing N sufficiently large.
Next, let us see how the the conserved quantities are stored in the batteries (i.e., the reference frame). For
simplicity, we again consider implementing the small transformation Uα,0 generated by O0 on the system.
The change in the conserved quantity Ok for particle r in the reference frame is given by
∆Ork = tr
{
Ork V ρS ⊗ ρR V †
}− tr{Ok ρ(r)} ,
where Ork := I⊗ ...⊗Ok⊗ . . .⊗ I is the operator that is I everywhere except for the r-th frame particle where
it is Ok. Expanding V to first order in
1
N
we obtain
∆Ork = −i
1
η1 . . . ηD
α
N
tr {Ork [T, ρS ⊗ ρR]}+O
(
1
N2
)
= −i 1
η1 . . . ηD
α
N
∑
a,a1,...,aD
faa1...aD tr
{
Ok [Oar , ρ
(r)]
}
tr {OaρS}
∏
j 6=r
tr
{
Oajρ
(j)
}
+O
(
1
N2
)
= −i 1
ηr
α
N
∑
a,ar
fa,1,...,r−1,ar,r+1,D tr {OaρS} tr
{
Ok [Oar , ρ
(r)]
}
+O
(
1
N2
)
. (B5)
Now notice that the sum in Eq. (B5) consists of two terms: {a = 0, ar = r} and {a = r, ar = 0}, since any
other assignment of values to a or ar will render fa,1,...,r−1,ar,r+1,D = 0. Hence,
∆Ork = −i
1
ηr
α
N
(
f0,1,...,r−1,r,r+1,D tr {O0ρS} tr
{
Ok [Or, ρ
(r)]
}
(B6)
+ fr,1,...,r−1,0,r+1,D tr {OrρS} tr
{
Ok [O0, ρ
(r)]
})
+O
(
1
N2
)
. (B7)
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Using ρ(r) = 1
d
(
I+ 1‖Ok‖ Ok
)
and fr,1,...,r−1,0,r+1,D = −1, we obtain
∆Ork = i
α
N
tr {OrρS} tr {Ok [O0, Or]}
tr {O2r}
+O
(
1
N2
)
. (B8)
So far, we have only used the first two properties of the operators Ok. Given the third property that the
operators are closed under commutation, we find that either [O0, Or] = 0, in which case the r
th subsystem
in the reference frame accumulates no changes in any conserved quantity (i.e., ∆Ork = 0 for all k), or
[O0, Or] ∝ Om. In the latter, the rth subsystem will only accumulate changes in the conserved quantity Om
(i.e., ∆Ork = 0 unless k = m). As each subsystem accumulates changes in at most one conserved quantity, it
is possible to separate all of the conserved quantities into different batteries. A similar result will apply for
small rotations generated by any Ok and thus for the overall transformation.
3. T preserves extended conserved quantities
In this subsection, we show that T commutes with all extensive conserved quantities. Let us begin by
revisiting the case with d = 2, where our conserved quantities are sx, sy and sz, as presented in the main
text for spin- 12 systems. Here, T acts on three particles as
T =
∑
a,a1,a2
faa1a2 sa ⊗ sa1 ⊗ sa2 .
Now consider the conserved quantity corresponding to the total angular momentum in the x-direction,
Sx = sx ⊗ I⊗ I+ I⊗ sx ⊗ I+ I⊗ I⊗ sx, which is the sum of the angular momentum of the three individual
particles in the x-direction. The commutator [Sx, T ] may be expressed as
[Sx, T ] =
∑
a,a1,a2
faa1a2 [sx, sa]⊗ sa1 ⊗ sa2
+
∑
a,a1,a2
faa1a2 sa ⊗ [sx, sa1 ]⊗ sa2 (B9)
+
∑
a,a1,a2
faa1a2 sa ⊗ sa1 ⊗ [sx, sa2 ] .
We will now see how each term in each sum is either zero or cancelled out by a similar term appearing in a
different sum but with the opposite sign. First, note that all terms in the final answer must contain the same
spin operator on exactly two particles and a different spin operator on the third particle. This is because
a, a1, and a2 must all be distinct in order for faa1a2 to be non-zero, and the spin operator generated by the
commutator is different from the spin operators appearing within it. As an example, a term proportional to
sy ⊗ sy ⊗ sx can be generated by [sx, sz]⊗ sy ⊗ sx and sy ⊗ [sx, sz]⊗ sx. The former of these will contribute
to [Sx, T ] with a coefficient fzyx via the first sum, whereas the latter will contribute with a coefficient fyzx
via the second sum. As fzyx = −fyzx these two terms will cancel out, and the same applies to all other
terms, giving a total commutator of zero.
Now let us see how a similar reasoning applies to the higher dimensional case. We want to show that the
total conserved quantity Ototk = Ok +O
R
k is preserved by T , i.e., that [O
tot
k , T ] = 0, where
[Ototk , T ] =
n∑
r=0
[Ork, T ]
with
[Ork, T ] =
∑
a,a1,...,aD
faa1...aD Oa ⊗ . . .⊗ [Ok, Oar ]⊗ . . .⊗ . . .⊗OaD .
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We will see how each term in [Ork, T ], for every r, is either 0 or cancelled out by a term in [O
u
k , T ], for some
other u. To begin, take a fixed but arbitrary r, and a non-zero term in [Ork, T ]. This term is identified by its
indices aa1 . . . aD. Given the ‘closed under commutation’ property of the operators in M, [Ok, Oar ] = ξ Ob,
where b ∈ {a, a1, . . . , aD} \ {ar}, and ξ is a constant that may depend on k and ar. Let u be such that
au = b, and for simplicity, and without loss of generality, assume u > r. Hence,
Oa ⊗ . . .⊗ [Ok, Oar ]⊗ . . .⊗Oau ⊗ . . .⊗OaD = ξ Oa ⊗ . . .⊗Ob ⊗ . . .⊗Ob ⊗ . . .⊗OaD
= Oa ⊗ . . .⊗Oau ⊗ . . .⊗ [Ok, Oar ]⊗ . . .⊗OaD .
Now, the term with indices (aa1 . . . ar . . . au . . . aD) will contribute to [O
tot
k , T ] via the sum in the term
[Ork, T ] with coefficient faa1...ar ...au...aD . The same term will however appear in the sum in the term [O
u
k , T ],
with indices (aa1 . . . au . . . ar . . . aD), and will contribute to [Ok, T ] with coefficient faa1...au...ar...aD . By the
properties of f , faa1...ar ...au...aD = −faa1...au...ar ...aD , and the two terms cancel out. As every term in the
final answer can be generated in exactly two ways with opposite coefficients, the result that [Ototk , T ] = 0
then follows. Although we will think of the operators Ototk as the conserved quantities of interest, note that
any other extensive conserved quantity can be expressed as a linear combination of the operators Ototk and
the identity, this means that T commutes with all extensive conserved quantities.
Interestingly, one can also show that [Ototk , T ] = 0 without the ‘closed under commutation’ property, by
using the fact that [Ok, Oℓ] =
∑
m 6=k,ℓ wkℓmOm for some coefficients wkℓm. As above, every non-zero term
in [Ototk , T ] = 0 can be generated in exactly two ways with opposite coefficients. Hence for any complete set
of traceless orthonormal operators Ok, the operator T constructed from those operators commutes with all
extensive conserved quantities.
4. Dimension 2n
Let us consider the case where we have a system S of dimension d = 2n. Here, we can indeed find an
operator basis with the properties specified above, and can thus separate any changes to a complete basis of
conserved quantities. In particular, we take the set M of K = 4n − 1 operators {Ok} to consist of products
of spin- 12 operators. That is, each O ∈ M has the form O = s1 ⊗ . . .⊗ sn, where sk ∈
{
1
2 I,
1
2σx,
1
2σy,
1
2σz
}
,
but where not all sk may equal the identity.
It is easy to verify that these operators are traceless and orthogonal. Furthermore, the product of any
two distinct operators in M is proportional to another operator in the set, i.e., there exists an m such that
OkOℓ ∝ Om. By taking the Hermitian conjugate, we also have OℓOk ∝ Om. Hence either [Ok, Oℓ] = 0, or
[Ok, Oℓ] ∝ Om and these operators are hence closed under commutation as defined above.
5. Explicit bounds
As in the previous case, we can also calculate explicit bounds on the O ( 1
N2
)
terms in the bounds above,
using similar techniques to those in Appendix A and in Ref. [9].
In particular, we find
∥∥∥ trR {V ρS ⊗ ρR V †}− (ρS − i α
N
[O0, ρS ])
∥∥∥
1
≤
(
2K!
‖O0‖‖O1‖ . . . ‖OD‖
η1η2 . . . ηD
)2
(e− 2)
( α
N
)2
, (B10)
where we have used an approach similar to that in the derivation of Eq. (A3), assuming that N >(
2K! ‖O0‖‖O1‖...‖OD‖
η1η2...ηD
)
α.
Applying now Eq. (D5) of Ref. [9] to this setup yields
∥∥∥Uα,0ρSU †α,0 − (ρS − i αN [O0, ρS ]
)∥∥∥
1
≤ 4(e− 2)
( α
N
)2
, (B11)
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Combining Eqs. (B10) and (B11) through the triangle inequality, we find
∥∥∥trR {V ρS ⊗ ρR V †}− Uα,0ρSU †α,0∥∥∥
1
≤ 4(e− 2)
(
1 +
(
K!
‖O0‖‖O1‖ . . . ‖OD‖
η1η2 . . . ηD
)2) ( α
N
)2
. (B12)
Finally, following a similar approach we obtain
∣∣∣∣∆Ork − i αN tr {OrρS} tr {Ok [O0, Or]}tr {O2r}
∣∣∣∣ ≤ ‖Ok‖
(
2K!
‖O0‖‖O1‖ . . . ‖OD‖
η1η2 . . . ηD
)2
(e − 2)
( α
N
)2
. (B13)
In the particular case considered above of dimension d = 2n, in which the operators Ok are products of
spin- 12 operators and I/2, note that ηk = ‖Ok‖ = 1d and hence these expressions simplify considerably.
13
